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1. Introduction

In day-to-day work, one often has need to perform a quick linear least squares calculation for
some model which approximates a physical process. Since the model is likely to be something other
than ssimple linear regression, one winds up (often re-) deriving the appropriate normal equations and
solving for the model parameters. Thisiswasted effort, thanks to the availability of computer algebra
systems, in which it is easy to automate this process. In the section which follows, | illustrate the
basic "quick and dirty" linear least squares process by means of asmple example. In section 3, |
present a Maple procedure that performs the algebra autmatically for any model that is linear in the
parameters, and in section 4 are afew examples of its usage.

2. A Linear Least Squares Example

. . ) 2
Start with a ssmple second degree polynomia as our model: model .= A + B £+ C - Then the c2
.2 N 2
satisticisc = a (yl,- model) .
i=1

2 N

aaa A- B CZ(I'j2
c” = -A-Bt-Ct, =
.1Syi I 1 9

1 =
where the sum is over N available data points, and the v ae the data values, measured at times L In

keeping with the "quick and dirty" premise, we do not take into account a priori any weighting of the
data. It isasimple matter to add weight factors into the solutions afterwards; including them now
would serve only to clutter up the notation.
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Next, we calculate the partial derivatives of 02 with respect to the model parameters, setting these
derivatives to zero and thus forming the normal equations.

l o
“ rhs(%) =0
all rhs(%:%) =0
ﬂB 0/0) —

1
ﬂ—crhs(%%%) =0

N 20
a SZy +2A+ZBt+2C ;:o
éN & 26y -4-8 29,9_
4 S & GO e
éN €28y - A-B1-C 22 29—o
Ut o

NormalEqs = { %, %%, %%%}

Finally, we solve the normal equations for the parameter values. These values are the linear |east
squares solution.

sols := sortsols( solve( value( NormalEgs ), { A, B, C}), [4, B, C])
for p in sols do print(p) od
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Thisisabit easier to look at if we make afew substitutions.

%)

-
a

k=0. 2% Sols%

= Sk’

2

2

2
-2T1T2T3+NT3 +T2 +T4T1 -T4NT2

2
SoTg ~Sola Tyt TS Ty 11 T3S8,- T, 135,41, 5,
3

,eeeawMuge

T4SOT1- TlSZTZ- SlNT4- SOT2T3+NT352+T2 S1

B =

2
T4T1 -T4NT2

3

2
T, +T, +

3

2

-2T1T2T3+N

(333335335

2

2

- 1T251+NT351- TSSOT1+SZT1 -SZNT2+T2 SO

C=

2
T4T1 -T4NT2

3

2
T, +T, +

3

2

-2T1T2T3+N

Collecting on the mixed terms Sk’ we have the result

collect( %, [seq(Sk, k=0..2), N], factor)

for p in % do print(p) od
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§7y - Ty T,=N- 2T T, T +T, +T,T,
(NT5- T T5) 8y
e 2 o} 3 2
§7 - Ty T,=N- 2T T, T +T, +T,T,
®e 2 0
&7 - NT,55,

+

@ 2 N 3 2
QT, - T, Ty=N- 2T, T,To+T, +T,T,

3. An Automated Linear Least Squares Solution Generator

Hereis a procedure that automates the process outlined in the example of the previous section.



# nmodel nust be of the formY = F(t[k],P), where P are paraneters
# and t is the independent variable. The sum ndex subscript [k] MJST
# be attached tot in the nodel equation. For exanple,
# | eastsqgrs( y=a+b*x[k], x, k, [a,b] );
# Also valid is
# | eastsqgrs( y[k]=a+b*x[k], x, k, [a,b] );
He m m m e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e mmn
| eastsqrs := proc( nodel:: =", indepvar::nane,
sum ndex: : nanme, parans::list )
local chi2, vy, i, t, partials, k, eqgs, solset, T, Y,

repl ace_denom nators, sums, YTsums, n, p, nmax, N
Tcount, Scount, ispoly, Delta, delta, tnp, goodsols;
gl obal _subslist, tineo0;

i f not has(nodel, sum ndex) then
ERROR(" nodel nust be of the form Y=F(t[i],P)");

fi;

time0 :=tine();

i = sum ndex;

t := indepvar;

if not type(t,indexed) then
t r=t[i];

fi;

y := | hs(nodel);

if not type(y,indexed) then
y 1= yli];

fi;

chi2 := Sum((y-rhs(nmodel ))"2,i=1..N)
if type(rhs(nodel), polynon) then

i spoly := true;
el se
ispoly := fal se
fi;
debug_print (procname,"i,t,y,ispoly,chi2",4,i,t,y,ispoly,chi?2);
o
# calculate the partials
o
debug_print (procnane, "Form ng the normal equations...",3);
partials :=[];

for k from1l to nops(parans) do

partials :=[ op(partials), diff(chi2, paranms[k])=0 ];
od;
if printlevel >= 4 then

debug_print (procnane, "partial s", 4);

for pin partials do

print(p);
od;
fi;
Hoo oo o o o o e e e e e e e e e e -
# formthe sunmati on substitutions vari abl es
Hoo oo o o o o e e e e e e e e e e -
suns : = convert( select( (Xx,y)->0p(0,x)=y,
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i ndet s(val ue(expand(partials)), function),
[ist );
#degree() can't handl e summation subscripts, so renove them

YTsuns = subs( t=T, y=Y, suns );
_Subslist :=1];
nmax = 0,

debug_print (procname, "summati on terns", 4, suns) ;
debug_print (procname, " YT terns", 5, YTsuns);
Tcount := O;
Scount := O;
for k from1l to nops(YTsuns) do
if ispoly then
sel ect (has, [op(YTsuns[k])],T);
if %[] then

n:=0;
el se

n := degree( op(%, T);
fi;
nmax : = max(n, nnax);

fi;
i f has(YTsuns[k],Y) then
if not ispoly then
n := Scount;
nmax : = max(n, nnax);
Scount := Scount + 1,
fi;
_subslist :=[op(_subslist),suns[k]="S [n]];
el se
if not ispoly then
n := Tcount,
Tcount := Tcount + 1,
fi;
_subslist :=[op(_subslist),suns[k]="T1[n]];
fi;
od;

partials := collect( eval ( val ue(expand(partials)), _subslist ),
[seq(S[K], k=1..nmax), N, factor );

#put substitution list into formsuitable for putting the suns back

_subslist := map( (x)->rhs(x)=lhs(x), _subslist );

Hoe oo oo eeeo o

# formthe normal equations

Hoe oo oo eeeo o

eqs := collect( partials, [op(paramns),sunj, factor );

if printlevel >= 1 then
debug_pri nt (procnane, "nornal equations", 1);
for pin egs do

print(p);

od;

fi;
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# solve the normal equations

debug_print (procnane, "Sol ving the normal equations...",1);
_EnvAl Il Sol utions : = true;

map( al |l val ues, [solve( convert(eqgs, set), convert(parans,set) )] );
map( sortsols, % parans );

if nops(% =1 then

sol set := op(N;
el se
solset := %
debug_print (procnamne, "There are ".(nops(solset))." solutions", 1);
fi;
debug_print (procnamne, "raw sol ution(s)", 4, sol set);
Hoo o o o o o o o o e e e e e e e e e e e e e e e e
# replace the denom nators w th another substitution
Hoo o o o o o o o o e e e e e e e e e e e e e e e e
#first define a workhorse procedure
repl ace_denom nators := proc( expr, N, nmax, S, Delta )
| ocal k, p, d;
gl obal _subsli st;
Hoo oo oo e e e e e e e
# determ ne the common denomni nat or
Hoo oo oo e e e e e e e

#grab and filter denom nators from sol uti on paraneter expressions
map( denom { seq(op(rhs(expr[k])), k=1..nops(expr)) } );
map( (x)->if type(x,{integer,fraction}) then 0 else x fi, %);
d := %mnus {0};
if nops(d) > 1 then
debug_pri nt (procnane, "denom nator set", 0, d);
ERROR(" Unabl e to determ ne a uni que denom nator!");
elif d={} then
debug_print (procnane, "no denom nator for solution", 2, expr);

RETURN( expr) ;
el se
d := op(d);
fi;
Hoe oo o o e e e e e e e e o
# make the substitution in the solution
Hoe oo o o e e e e e e e e o
_subslist :=[ Delta=eval (d,_subslist), op(_subslist) ];

col l ect( al gsubs(d=Delta, expr), [Delta,seq(S[k], k=0..nmax), N, factor );
end;

#now nmake the substitutions
if type(solset,list(list)) then #mul tiple solutions
for k from1l to nops(sol set) do
subsop(k=repl ace_denom nat ors(sol set[Kk], N, nmax, S, Del ta), sol set);

sol set := subs( Delta=delta[k], %);
_subslist := subs( Delta=delta[k], _subslist );
od;
el se #only one sol ution
sol set := repl ace_denoni nat ors(sol set, N, nmax, S, Del ta);
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fi;

debug_print (procname, "substitution list",2, subslist);

e

# check the solution(s)

e

if type(solset,list(list)) then #multiple solutions
debug_print (procnamne, "Verifying the ".(nops(solset))." solutions...",1);
goodsols :=[];

for k from1l to nops(sol set) do
tnp : = expand(subs(_subslist, eval (eqgs, solset[Kk])));
if not type(tnp,list(0=0)) then
debug_print (procname,"Solution ".k." is invalid!",0,solset[k]);
debug_print (procnane, "Sol ution ".k." substituted into normal eqgs", 0O, eqs);
debug_print (procnamne, " Throwi ng out solution ".k,0);

el se
goodsol s : = [op(goodsol s), sol set[k]];

fi;
od;
sol set := goodsol s;
i f nops(solset)=1 then

sol set := op(solset);
fi;

el se #singl e sol ution

debug_print (procnane, "Verifying the solution...", 1);
eqs : = factor(expand(subs(_subslist, eval (eqgs, solset))));

if not type(eqgs,list(0=0)) then
debug_print (procnamne, "Sol uti on substituted into normal eqgs", 0, eqs);
ERROR("Invalid solution!");
fi;
fi;

if tinme()-time0 > 10 then
debug_print (procnane, "Done! ", 1);
fi;
sol set;
end:

4. Examples
Polynomial of degree 1

We start with smple linear regression to check the program. We set the procedure's "chattiness' to
maximum verbosity. The solution appears as the last bracketed expression.

printlevel := 4
leastsgrs(y =4 + B ti, t,i,[4, B])
| eastsqrs[0]: i,t,y,ispoly,chi2

=

A 2
i tl,,yl,, true, a (yl,- A- Bti)

i=1
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| eastsqgrs[0]: Form ng the normal equations...
| eastsqrs[0]: partials

N

a (-2y.+24+2Bt)=0

. 1 1

i=1

N

& (-2(y.-A4-Bt)t)=0

. 1 1”1

i=1

| eastsqgrs[0]: summation terns

gy NN N ol
ay & 1y, & 1, & 1y
=1 =1 =1 =1ty

| east sqrs[ 0] : normal equations

- + + =
ZSO 2AN ZBT1 0

-ZSl+2AT1+ZBT2:O

| eastsqgrs[0]: Solving the normal equations...
| eastsqgrs[0]: raw sol ution(s)

2 - +

2 SOT2 TlS1 i SlN TlSoﬁ

. SR

g 'T1 LN Ty FTN G

| eastsqrs[0]: substitution list
g &N 02 &N 29 N N N N 28
D=-g & (2 +€& 1 NS =& y,5=48& 1y T =8& 1, T,=8a1

g i=1's &=1"'g Oi=1lli=1llli=112i=1lH

| eastsqgrs[0]: Verifying the solution...

éA_SOTZ-TlSl B_SlN T, 540
& D e D

[ el wnid

The substitutions are stored in the global variable subslist. Hence, the full solution is

eval(%, subslist)

e 0N o0 &N O&N 0 &N 0 e&eN o0a:&N ou
g ‘g Eé i‘ga ‘g ty: Eét.yEN-Eété & y I
- =1' 5 &-= i= z i=1"''sg &=1"'g&=1 "'oY
3 eV ® @N 20 | ey @ @V 20 U
& Eati Eat;N -Eati+éat.iN H
& 1'g 1t g 1'g &i=1'g U

We can convert the solution into an optimized Maple procedure. This procedure can then be used to
evaluate the model with aset of data. It iseasly saved to disk for conversion into a C or fortran
procedure — also quite easy.

tmp = array(map(x ® rhs(x), %))
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foo = optimize( makeproc(tmp, parameters =[N, y, t]))

foo = proc(N, y, t)

local 18, t11, t4, t5, t1, tmp, t2,
tmp = array(1 .. 2);
tl :=sum(y[i],i=1..N);
2 =sum(#i]"2,i=1..N);
t4:=sum(f[i],i=1..N);
t5 =sum(fi]*y[i],i=1..N);
t8 == t4"2;
tl1l =1/ (-t8 +t2*N);
tmp[ 1] = (¢t1*¢2 - t4*t5)*tl 1,
tmp[ 2] := (t5*N - t4*t1)*tl 1,
tmp

end
writeto("d:/Maple/test.p”)
print(foo)
writeto( terminal )

Thisis simple and straightforward in this example. Later on, we will see that the solutions can get
rather unwieldy, but that the optimized procedures created from them are still relatively simple.

Polynomial of degree 2

printlevel == 2

H-O:

& 2
IeastsqrsSY:A +Bti+Cti 40, [4, B, C]

| eastsgrs[0]: normal equations

Q

- + + + =
ZSO 2AN ZBTl 2CT2 0

-ZSl+2AT1+ZBT2+2CT3:O

-252+2AT2+ZBT3+2CT4:O

| eastsgrs[0]: Solving the normal equations...
| eastsqrs[0]: substitution list

e 2N O0zxN 20N 30 2N 3®@ 2N -8B &N 4,0 &N 20
e o - o - o - o - o - o - o -
SDz-zéat.iEat.iEat.i+éat.iN+Eat.i- & ¢ INg& ¢ =
& i=1'g8i=1"'g8i=1"9 &=1"'g9 i=1' g &=1"'"g &=1"g¢g
@N g0@N @ N N N 5 N N
+@ & ¢ zgd t2,85=4 Y, T =& ,T.= & ¢ ,S =4 +Y,T,= & 1
i=1 ! p&i=1'g O j=1 07 1 ;=107 2 ;291 1 ;400 3 ;41



N 2 N4l
S,=a ¢ Y, T = a ¢
272 Ao

| eastsqgrs[0]: Verifying the solution...

EETZ TT(l'j T.T.+T, T aaTT TZ(j
- =5 + (- + +6- + =
83 4 ZzSO ( 2°'3 1 4)51 S 3’1 "2 zSZ

D ’

mgommm
1]

4
D 1
2

®e 2 0
_(-T2T3+T1T4)SO+ST2 -T NE’Sl+(-T1T2+T3N)S2

E T T 41,028 +(-T, T, + T, N)S, +E T, N+T, 25
C_S'sl 2 50" CT Tt Ty S +g N+ 1 55,

D

o w ol el g el

tmp = array(map(x ® rhs(x), eval(%, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))

proc(V, Y, £)

local ¢7, ¢26, t31,t12, t16, t28, t17, t13,¢21, 118, 36, t4, t10, tmp, t3, t1, t2;
tmp = array(1 .. 3);
tl :=sum(#[i]"3,i=1..N);
12 :=tI"2;
t3:=sum(f[i]™4,i=1..N);
t4 :=sum(f[i]"2,i=1..N);
t7 =sum(Y[i],i=1..N);
t10 :=sum(fi],i=1..N);
t12 = - t4*%¢t] + t10*3;
t13:=sum({i]*Y[i],i=1..N);
t16 = t4"2;
t17:=- tI*tl10 + 116,
t18 :=sum({i]"2*Y[i],i=1..N);

121 :=t10*t4;
126 == t3*N,
128 == t10"2;

t31 =11 (-2%21%t] + 2N + t16%t4 - t26%t4 + t3*128);
tmp[ 1] == ((£2 - 3*t4)*t7 + t12%¢t13 +t17*t18)*131;
t36 :=-t21 + tI* N,

tmp[ 2] == (t12%¢7 + (116 - t26)*t13 +136*t18)*131;
tmp[3] == (t17%¢7 + 13613 + (- t4*N +128)*t18)* 131,
tmp
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end

Polynomial of degree 3

In this example, we will not show the solution, since it isa bit unwieldy.

OHQ

3
+D¢, ,ti,[4, B, C,D]

equati ons

2

e
IeastsqrsSY

A+Bt +Ct,

nor nmal

| eastsqrs[0]:

T2+2DT3=O

1

-ZSO+2AN+ZBT +2C

=0

4

+
T3 2DT

-251+2AT1+ZBT2+2C

=0

5

+
T4 2DT

- + + +
252 2AT2 ZBTS 2C

=0

6
equati ons. ..

5

Sol ving the nor nal

T_+2DT
substitution |ist

-253+2A T3+ZBT4+2C

| eastsqrs[0]:
| eastsqgrs[1]:

NGB ibeh)

V' 40
& 1 IN
=1'g

692 N
t. :E
L

1
Y

a
N ¢
a

202 N
t, :E
1

1! gé&i

40

Zo@ I

ouwd

e
i

oS
’
1

20N 0&N 40
t, :E a t.ié a i :E tox+
p8i=1"'g&i=1"' g8i=1"¢

1 1

=, o® n

e
+2§

Verifying the solution...

| eastsqgrs[2]:

map( cost, %)
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[ 21 additions + 50 multiplications + divisions + assignments,
22 additions + 48 multiplications + divisions + assignments,
22 additions + 48 multiplications + divisions + assignments,

21 additions + 47 multiplications + divisions + assignments |
The following commands produce an optimized procedure, which we will not show here.
tmp = array(map(x ® rhs(x), eval(%%, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))

Sinusoid — Representation 1

printlevel =1

leastsgrs(Y =4 cos(2pnti+f), t,i,[4,T])
| eastsgrs[0]: normal equations

(8cos(f)2TO- 8cos(f)2T1- 16003(f)sin(f)T2+Zcos(f)2N+8cos(f)sin(f)T3

+8sin(f)2T4)A- 4cos(f) S, +2co8(f) S, +4sn(f)s,=0

(-2 cos(f ) Sn(f ) N - 8cos(f)sin(f)TO+4cos(f)2T3- 8cos(f)2T2+8cos(f)sin(f)T4

+8oo(f ) Sn(f ) T, - 4sin(f )2 7, +8sin(f )2 TZ)AZ

+(-2sin(f) s, +4cos(f) S, +4sn(f) ;) 4=0

| eastsqgrs[0]: Solving the normal equations...
| eastsqgrs[2]: There are 3 sol utions

| eastsqrs[4]: Verifying the 3 solutions...

| eastsqgrs[18]: Solution 2 is invalid!

é 1 e 2
gA—qurt816TzSleT4+16TSSZSOT4-8T35251T4-32TZSZSOT4- 16TZS2 T3

2 2 2 2 2
- 1GSOT4 Sl+16T2 S2 -4TZS1 T3-4T3 SOSl+16TZSOT351+8SZT1T3S1

2
- 8SZTOT351+3252T1TZSO- 1652T1T251- 1652T1T350- 16T2 SOS1

- ZSZNTSSl- 3252TOTZSO+1652TOTZSl+1652T0T350+4SZNT251

+4S NT.S -16T SZT +8SZNT 8SZNT 3252TT+52N2
2 30 2°0 '3 2 0 "2 1 2 01 °2

+1652T2+1652T2+16T252+4T252+4T252+T252 8S,NT,S
2 0 2 1 2 0 21 3 0 371 "2 2%
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47.°5°4165°7 44 2T26/d f &
+ + + = =
3 5 So Ty *451 Ty 5/ dpf =arctang(

e
-S,N-4S,T +4S,T +4T,S - 2T,S, - 2T350+T3S1)/sqrtSlGTzSleT4

2 2 2 2
+16TSSZSOT4- 8T35251T4- 32TZSZSOT4- 16T252 T3- 1GSOT4 Sl+16T2 S2

2 2
- 4TZS1 T3- 4T3 SOSl+16TzSOTSSl+8SZTlTSSl- 8SZTOT351

2
+3252T1TZSO- 1652T1T251- 1652T1T350- 16T2 SOSl- ZSZNTSSl

- 3252TOTZSO+1652TOT251+1652TOTSSO+4SZNT251+4SZNTSSO

16T 2T+8 2 T -8 2 T -32 2TT+ 2N2+16 2T2+16 2T2
i 250 T3*85, NTy-85, NT,-325, TyT,+5, 55 Ty S, 1y

+16T252+4T252+4T252+T252 8S,NT,S +4T252+1652T2
2 0 21 3 0 371 "2 2% 3 2 0 4

2 20 %
+4S, T, 82(-2T252+T352+250T4-SlT4)/sqrt816T S.S. T +16T.S.S.T

2 2 2 2 2
-8T35251T4-32TZSZSOT4- 16TZS2 T3- 1GSOT4 Sl+16T2 S2 -4TZS1 T3

2
- 4T3 SOSl+16TZSOT351+8SZT1T351- 8SZTOT351+3252T1T250

2
- 1652T1T251- 1652T1T350- 16T2 SOSl- ZSZNTSSl- SZSZTOTZSO

2 2
+1652TOT251+1652TOTSSO+4SZNT251+4SZNTSSO- 16TZSO T3+8SZ NTO

8s ZNT 3252T T +52N2+1652T2+1652T2+16T252+4T252
S0P 1T Y% Yot 2 20 2 1 2 0 2 "1

+4T252+T252 8S_NT_S +4T252+1652T2+4SZT299+2 Zl:I
370 371 ""277°2°% "3 "2 0 4 1 T4 55" 2P
| eastsqrs[18]: Solution 2 substituted into normal eqs

[(8 cos(f)? T - Boos(f ) T, - 16 cos(f ) sin(f ) 7., +2 cos(f )° N+ cos(f ) sin(f ) T,
+8sin(f)2T4)A-4cos(f)SO+Zcos(f)Sl+4sin(f)SZ=O,(-Zcos(f)sin(f)N
-8cos(f)sin(f)TO+4cos(f)2T3-8cos(f)2T2+8cos(f)sin(f)T4+8cos(f)sin(f)T1
-4sin(f)2T3+8sin(f)2T2)A2+(-25in(f)Sl+4cos(f)52+4sin(f)So)A=O]

| east sqrs[18]: Throwing out sol ution 2

| eastsqgrs[31]: Solution 3 is invalid!
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] 1 & 2
gA—- qurt816TzSleT4+16TSSZSOT4- 8T35251T4- 32TZSZSOT4- 16TZS2 T3

2 2 2 2 2
- 1GSOT4 Sl+16T2 S2 -4TZS1 T3-4T3 5051+16T250T351+852T1T351

2
- 8SZTOT351+3252T1TZSO- 1652T1T251- 1652T1T350- 16T2 SOS1

- ZSZNTSSl- 3252TOTZSO+1652TOTZSl+1652T0T350+4SZNT251

4 16 2T 8 g T.-8 g T, -32 2T T, +S 21\/2
- + - - +
¥ SZNTSSO TZSO 3 SZ N 0 SZ N 1 SZ 01 2

168 2T 24168 2T 2 +16 7.0 *+4T.25.°+47.°5. 24725 % . 8S. NT.S

+ + + -

+165, Ty +165, T) +16T, 5, 2 % 3 % *13 5 2V 150
2

a7 %5 %1185 °%T +4SZT26/d f = arctang.
+ = = :
3 % S0 14 1 Ty 5/ Ot =arctang- (

e
-S,N- 45,7 +45,T +4T,S - 21,5, - 2T350+T351)/sqrtSlGTzSleT4

2 2 2 2
+16TSSZSOT4- 8T35251T4- 32TZSZSOT4- 16T252 T3- 1GSOT4 Sl+16T2 S2

2 2
- 4TZS1 T3- 4T3 SOSl+16TzSOTSSl+8SZTlTSSl- 8SZTOT351

2
+3252T1TZSO- 1652T1T251- 1652T1T350- 16T2 SOSl- ZSZNT?)S1

- 3252TOTZSO+1652TOT251+1652TOTBSO+4SZNT251+4SZNTSSO

2 2 o2 s 2 22, 02,2 22
- - - +
167,50 T3*85; NIy-85, NT;- 325, IoI)*+5, N +165, 1, 5211

2 2 2 2 2 2 2 2 2 2 2 2
+167, S, +4T17, S, +47_ S, +T, S, -8S NT,S . +4T7T, S, +16S. T

2 20 2 °1 3% "3 °1 oV IgogTals 5y 0 ‘a
4s°7°2 50or T 2S T -S. T / €167 5. 5. T
+ =.2(- + + -
Sy Ty 5-2(-2T,8,+135,+285,7,- S5, T,) / Sagl6T,S,5 T,

2 2 2 2
+16TSSZSOT4- 8T35251T4- 32TZSZSOT4- 16T252 T3- 1GSOT4 Sl+16T2 S2

2 2
- 4TZS1 T3- 4T3 SOSl+16TzSOTBSl+8SZTlTBSl- 8SZTOT351

2
+3252T1TZSO- 1652T1T251- 1652T1T350- 16T2 SOSl- ZSZNTSSl

- 3252TOTZSO+1652TOT251+1652TOTSSO+4SZNT251+4SZNTSSO

16T 2T 8 2NT 85 2NT SZSZT T +Szl\/2+1652T2+1652T2
- + - -
ZSO 3 SZ 0 2 1 2 01 2 2 0 2 1
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2 2 2 2 2 2 2 2 2 2 2 2
+167, S, +4T17, S, +47_ S . +T, S, -8S NT,S . +4T7T, S, +16S. T

2 0 2 %1 3% "3 9 2V 130413 5, 0 ‘4
4527298, /0
+ =4

S1 Ty 557 2P -2l

| east sqrs[31]: Sol ution 3 substituted into normal egs
[(8 cos(t )’ T - Beos(f ) T, - 16 cos(f ) sin(f ) 7., + 2 cos{f )° N+ 8 cos(t ) sin(f ) T,
+8sin(f)2T4)A-4cos(f)SO+Zcos(f)Sl+4sin(f)52=0,(-2003(f)sin(f)N
-8cos(f)sin(f)To+4cos(f)2T3-8cos(f)2T2+8003(f)sin(f)T4+8cos(f)sin(f)T1

-4sin(f)2T3+85in(f)2T2)A2+(-25in(f)Sl+4cos(f)S2+4sin(f)So)A=O]
| eastsqrs[31]: Throw ng out solution 3
| east sgrs[ 31]: Done!
—actanG-————=
Ez A
2 9 u

CDCDDiDl‘Dl‘D
1]

Aswecansee, Y=4cos(2pn t +f ) isnot a particularly good choice of representation, since the

solution involves inverse trigonometric functions and is particularly useless (4 =0). The next,
equivaent, example leads to a useful solution.

Sinusoid — Representation 2

printlevel == 2
leastsgrs(Y =4 cos(2p n tl,) +BsSn(2pn ti), t,i,[A4,B])

| eastsgrs[0]: normal equations

(-8T1+2N+8TO)A+(-4T3+8T2)B- 4SZ+ZSO=O

(-4T,+8T,)4- 45 +8BT,=0

| eastsqgrs[0]: Solving the normal equations...
| eastsqgrs[1]: substitution list

€ &N 402 N 20
8D=4§a cos(pnt)—éa sn(pnt) cos(pnt)—
1 gei=1 [}
&N 20&N 20 &N 20
4§é cos(pnt) —Ea sn(pnt) cos(pnt) —+N a sn(pnt) cos(pnt) z
i=1 gei=1 i=1 a
e N 3 @
-4 é pnti) sin(pntl,)i

1 [}

~.
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&N 0N o]

o 2 3 T
+4Ea sn(pne)cos(pne)ig & cos(pne) sn(pne)i
i=1 @&i=1 ! g

4 A 2
sin(pnti)cos(pnti) cos(pntl,) ,T1= a cos(pntl,) ,
i=1

3 o
cos(pnt) sn(pnt¢), T,= a sn(pnt.)cospnt.),
i i3 i=1 i i

N
a

=

Yisn(pnti)cos(pnti), T4=

2 2 A 2
sn(pnt,) cos(pnt) ,S,= & Y cog(pnt,)
1 ; i i 2 j=1 1 i

1 1

| eastsqgrs[1l]: Verifying the solution...

DD

Sy T, *+(-2T,+T,) S, +25,T,

D ’

&
64 =
e
aeT ~T_%§ anT 2T +1N95+ 2T +T)S
3223030' 1251(' 2 3)2

D

o o e

tmp = array(map(x ® rhs(x), eval(%, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))

proc(V, Y, £)
local tmp, t1, 12,18, t14, t7,t6, 14,110, t17, t21, t27, 125,
tmp = array(1 .. 2);
tl :=sum(Y[i],i=1..N);
2 :=sum(sin(p*n*# i] )*2*cos(p*n*¢[i])"2,i=1.. N);
t4 = sum(cos(p*n*z[i])"3*sin(p*n*¢i]),i =1 .. N);
t6 = sum(sin(p*n*# i] )*cos(p*n*#[i]),i=1.. N);
t7 :=-2%t4 + 16;
t8 :=sum( Y[ i]*sin(p*n*¢[i])*cos(p*n*¢[i]), i =1 .. N);
t10 :=sum( Y[i]*cos(p*n*/i])*2,i=1..N);
t14 == sum(cog p*n*¢{[i] )4, i=1.. N);
t17 :=sum(cog p*n*¢{[i])"2,i=1.. N);
121 == t4"2;
125 = t6"2;
127 =1 (4% 12%t14 - A% ¢t17%12 + N*12 - 4%¢2] + &*16*14 - 125);
tmp[ 1] := (- tI*12 + 1718 + 2*t10*12)*127,
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tmp[ 2] == ((t4 - 1] 2%t6)*t] + (2¥¢t14 - 2%¢17 + 1/ 2*N)*t8 +t7*t10)*127,;
tmp

end

Logarithm

leastsgrs(Y =4 + B Iog(tl,), t,i,[4,B])

| eastsgrs[0]: normal equations

-ZSO+2AN+ZBT1=O

- + + =
ZSl 2AT1 ZBTO 0

| eastsqgrs[0]: Solving the normal equations..
| eastsqrs[0]: substitution list

a In(tl,) éN,SO= a a

o

S.=a In

1= 8 )Y,
i=1

| eastsqgrs[0]: Verifying the solution..

SOTO- TlS1 SlN TlSO

u
u
= ,B= Y
u

mx‘gmm

eval(%, subslist)

Oze N 0 &N 0N
& & In(z,) < & In(z) ¥
= j = =1

QII -0

28&i

CDfD?Dl‘Dl‘Dgl‘Dl‘Dl‘Dl‘Dl‘B
1]

|--]-O:
.

CEECCCCCCC

9
&N 0 &N 0e N
& In(ti)YiiN-Eé In(1)3g & ¥<
= ] =

1 @ p&i=1 '

1

&N @ N 20
a In(z) =N
=1 ' o

i

tmp = array(map(x ® rhs(x), eval(%%, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))
proc(V, Y, £)
local tmp, t5, t11, 4, 18, t1, t2,
tmp = array(1 .. 2);
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tl :=sum(Y[i],i=1..N);

2 :=sum(In(#[i])*2,i=1..N);
t4 :=sum(In(#[i]),i=1.. N);
t5:=sum(In(i])*Y[i],i=1..N);
t8 == t4"2;

tll =1/ (-t8 +t2*N);

tmp[ 1] = (£2%¢t1 - t4*t5)*tl 1,
tmp[ 2] == (t5*N - t1*t4)*t1 1,

tmp

end

Exponential

t 0

x . -

1 =

IeastsqrsSY:A +Be ,t,i,[A, B2
| eastsgrs[0]: normal equations

- + + =
ZSO 2AN ZBTO 0

-ZSl+2ATO+ZBT1:O

| eastsqgrs[0]: Solving the normal equations..
| eastsqrs[0]: substitution list

€ &y 12 2y @2r@0 N N N
8D:-§é e;+§a & o NS =4 YT =4 e, 5=8crv,
e i=1 @ =1 4] i=1 " i=1 i=1 !
&t .2u
= e
1= v

| eastsqgrs[0]: Verifying the solution..

éA_SOTl-TOS]. B_SlN- TOSOE
& D U D a
eval(%, subslist)

€ ®N oFN 220 2y 10®y 1 0
: Ea Y,Egégeﬂi-géeigéefi
€ &=1 ‘'g&i=1 g &=1 g&=1 ‘g
- By L@ @y 2120 |
: -gée;+§§lgeﬂiN

e i=1 @ i=1 [}
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tmp = array(map(x ® rhs(x), eval(%%, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))

proc(V, Y, £)

local ¢5, ¢t11, t1, t2, tmp, t4, 18,
tmp = array(1 .. 2);
tl :=sum(Y[i],i=1..N);
2 :=sum(exp(#[i])"2,i=1..N);
t4 :=sum(exp(si]),i=1..N);
t5 =sum(exp(e[i])*Y[i],i=1..N);
t8 == t4"2;
tll =1/ (-t8 +t2*N);
tmp[ 1] = (¢t1*¢2 - t4*t5)*tl 1,
tmp[ 2] := (¢5*N - t4*t1)*tl 1,
tmp

end

Exponentially Decaying Sinusoid

The substitution list for this case is quite long, so its output will be suppressed.

printlevel =1
& (-ti)
Ieastsqr%Y:A +e (Bcos(2pn ti) +Csn(2pn ti)), t,i,[4, B, C]

| eastsqgrs[0]: normal equations

H--1-O:

Q

2AN+(4Ty- 2T,)B- 25,+4CT,=0

(4T,- 2T,)A+(8T,- 8T +2T)B+(-4T,+8T7,)C- 45 +25,=0

AATy+(-4Tg+8T,)B- 45,+8CT =0

| eastsgrs[0]: Solving the normal equations...
| eastsqgrs[2]: Verifying the solution...

soln =%

for p in soln do print(p) od
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Aaa%TZT24TT T_.T, -4T,T 4TT(l'j

= + - - - + =

S 7 8 78 51 41 6 12550
+(-4T7T3+4TOT1+2T8T3-2T2T1)51+(T2T1+2T7T3-T8T3-2TOT1)S2

5
+(-4T3T6+T3T5+4T3T4- 4TOT7+2T7T2+2TOT8- T2T8)SSEI/D

B a-:‘ZTT 2. 1. +T_T.-T. T anT 2T2(I'j aeT TZ(j
=g(- + + - +6- + =S+ - =
S( 7°3 01 83 2 1)SO S 1N 3 zsl SlN 3 zSZ

5
+((-T8+2T7)N- TB(ZTO- TZ))SBEI/D

aze 1 1 .
C=88 ST, Tg- 2T I Ty Tg# Ty Ty 2T T+ T Tg + 2T T/ 2S5,

gel 6 1 6
H((Tgr 2T N-T3(2T5- 1)) Sy * 88, Tg~ TogN +5 T3 (2T~ TH)ES,

+méT 1T ZTQN+1 2T T 295 Q/D
§82 75~ 5T 2Ty g+, (2T~ T5) 2857

The following commands produce an optimized procedure, which we will not show here.

tmp = array(map(x ® rhs(x), eval(soln, subslist)))
optimize( makeproc(tmp, parameters =[N, Y, t]))

Sinusoid with Exponentially Decaying Component

(-1.)
model ' =Y=A4+B cos(2pn1ti)+Csin(2pn1ti)+e l (D cos(2pn2ti)+Esin(2pn2ti))

leastsqrs(model, t, i, [A, B, C, D, E])
| eastsqgrs[4]: normal equations

2NA+(-2N+4T )B+4CT ,+(4T 5- 2T, )D- 25, +4ET ;=0

(-2N+4T ) A+(-8T +2N+8T,)B+(8T.- 4T ,)C

1

+(-4T - 4T + 2T +8T)D+ (8T, - 4T ) E+2S,- 45.=0

4AT ,+(8Ts- 4T, )B+8CT  +(8T - 4T ()D- 45, +8ET =0

- + (- - + + + -
(4T 5~ 2T ) A+(-4T o= 4T +2T +8T)B+(8T - 4T () C

+(8T,,- 8T +2T)D+(8T,- 4T,)E- 45,+2S, =0

44T o+ (8T,

18 - 4T ) B+8CTy+(8T,- 4T,)D- 4S,+8ET =0

0 2 5
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| eastsqgrs[4]: Solving the normal equations...
| eastsqrs[46]: Verifying the solution...
| east sqrs[ 569]: Donel!

soln =%
Aswe can see, the solution for this model is quite complicated:
cost(soln)

2188 additions + 7749 multiplications + 5 divisions + 5 assignments
map( cost, soln)

[ 789 additions + 2864 multiplications + divisions + assignments,
394 additions + 1382 multiplications + divisions + assignments,
394 additions + 1382 multiplications + divisions + assignments,
217 additions + 739 multiplications + divisions + assignments,

394 additions + 1382 multiplications + divisions + assignments |
cost(_subslist)
254 additions + 1249 multiplications + 1108 sums + 27 assignments
map( cost, eval(soln, subslist))

[ 1043 additions + 4113 multiplications + 3968 sums + divisions + assignments,
648 additions + 2631 multiplications + 2487 sums + divisions + assignments,
648 additions + 2631 multiplications + 2487 sums + divisions + assignments,
471 additions + 1988 multiplications + 1842 sums + divisions + assignments,

648 additions + 2631 multiplications + 2487 sums + divisions + assignments |
However, it optimizes well:
optsoln = optimize(soln, tryhard)
cost(optsoln)
739 additions + 1061 multiplications + divisions + 26 subscripts + 447 assignments
The following command produces an optimized procedure, which we will not show here.

makeproc(eval ([ optsoln], subslist), parameters =[N, Y, t], globals =[ A4, B, C, D, E])
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